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We investigate how arbitrary number of entangled qubits affects properties of quantum walk. We
consider variance, positions with non-zero probability density and entropy as criteria to determine
the optimal number of entangled qubits in quantum walk. We show that for a single walker in
one-dimensional position space, walk with three entangled qubits show better efficiency in consid-
ered criteria comparing to the walks with other number of entangled qubits. We also confirm that
increment in number of the entangled qubits results into significant drop in variance of probability
density distribution of the walker, change from ballistic to diffusive (suppression of quantum prop-
agation), localization over specific step-dependent regions (characteristic of a dynamical Anderson
localization) and reduction in entropy on level of reaching the classical walk’s entropy or even smaller
(attain deterministic behavior). In fact, we see that for large number of the entangled qubits, quan-
tum walk loses most of its properties that are celebrated for but still show characterizations which
are genuinely diffident comparing to classical walk.
Quantum walks (QWs) are universal computational
primitives [1, 2]. They are used to develop quantum
algorithms [3, 4], simulate quantum systems [5], en-
gineer/prepare quantum states [6], quantum machine
learning [7] and design quantum neural networks [8, 9].
The QWs have been realized experimentally with Bose-
Einstein condensate [10], optical-network [11], photons
[12, 13], ions [14] and atoms [15].
There are several approaches to generalize a one-
dimensional QW with single walker and two integral de-
grees of freedom. One way is to focus on high dimensional
position and coin spaces for the walk. Although the high
dimensional position space has its own advantages, it has
several considerable drawbacks. For example, one has to
change the architecture of experimental setup on high
level to integrate high dimensional position space into
QWs. Therefore, we keep dimension of position as one
and pursue high dimensional coin space.
One can obtain high dimensional coin space through
two schemes: whether to have a single qubit with many
states or a system of two-stated qubits which are en-
tangled with each other. In our study, we are inter-
ested in latter one. This is because increasing the di-
mension of the entangled states of a system can make its
non-classical correlations more robust to the presence of
noise and other detrimental effects [16]. In addition, the
high dimensional entangled state implies a greater poten-
tial for applications in quantum information processing
[17, 18] and communication [19].
So far, there have been several studies where the walks
with two entangled qubits are addressed [20–23]. A
general investigation for arbitrary number of entangled
qubits yet to be made. In this paper, we consider a single
walker in one dimensional position space with 2n inter-
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nal degrees of freedom. The internal degrees of freedom
is a result of n qubits that are entangled with each other.
The main goal here is to study the properties of the QWs
for n entangled qubits and find the optimal number of en-
tangled qubits (NEQs) to increase the walk’s efficiency.
To determine the optimum number of entangled qubits
for the walker, we investigate the properties of the walker
in position space where we have the possibility to make
comparison between walks with different NEQs as well as
classical walk (CW). These properties include symmetry
of the distribution, its variance, the number of positions
occupied by walker’s wave function in position space and
entropy associated to position space.
Formally, the evolution of the discrete QWs is deter-
mined by a coin, Ĉ, and a shift, Ŝ, operator. In each step,
the coin operator modifies the amplitudes of walker’s
wave function in coin space and creates a superposition
of internal states. On the other hand, the shift operator
moves the walker in position space based on its internal
state. We consider the coin operator to be
Ĉ = Ĉ ′
⊗n
, (1)
where n is the NEQs, ⊗ is tensor product and Ĉ ′ is
Hadamard operator given by
Ĉ ′ =
1√
2
(|0〉C 〈0| + |0〉C 〈1|+ |1〉C 〈0| − |1〉C 〈1|).
in which, we have |0〉C ≡
[
1
0
]
C
and |1〉C ≡
[
0
1
]
C
.
The dimension of coin space is determined by the
NEQs which is 2n. Therefore, for n entangled qubits,
Ĉ is a 2n × 2n matrix. It is notable that the application
of the considered coin on walker’s internal state affect
each qubit identically in every step. We consider the
shift operator to be in the form of
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2Ŝ =

|0〉⊗nC ⊗ |x〉P =⇒ |0〉⊗nC ⊗ |x+ 1〉P
|1〉⊗nC ⊗ |x〉P =⇒ |1〉⊗nC ⊗ |x− 1〉P
Otherwise⊗ |x〉P =⇒ Otherwise⊗ |x〉P
.(2)
where |x〉P is the position of walker. The Hilbert space
of position is spanned by {|x〉P : x ∈ Z}. This shift oper-
ator provides three possibilities for walker’s movement in
position space except in case of n = 1. For single qubit,
the third possibility in Eq. (2) is removed and the walker
moves only one unit to the right and/or left. The walk
is realized by successive application of the coin-shift op-
erator on an initial state of walker for arbitrary times,
T ,
|ψ〉Final = [ŜĈ] T |ψ〉Initial , (3)
in which
|ψ〉Initial =
1√
2
(|0〉⊗nC + |1〉⊗nC )⊗ |0〉P , (4)
where we have localized the walker in the origin of po-
sition space. For n = 2, we have a Bell state for coin
space while for n > 2, classes of GHZ states are resulted.
One can experimentally realize this walk by combining
two different experiments where in one; QWs are imple-
mented by cavities in which internal states are given by
two-stated ions [24, 25] and in the other one; entangled
qubits (ions) and high controllability over their states are
included in cavities [26].
For the walk considered in this paper, we have two
types of entanglement: I) position and coin spaces are
entangled with each other. II) qubits that build up coin
space, i. e. internal degrees of freedom of the walk(er),
are entangled with each other. Previously, it was pointed
out that distinct properties of the QWs, comparing to
CW, are originated in entanglement between the posi-
tion and coin spaces. In fact, to obtain classical like
behavior in QWs, one can make weak measurements in
coin space of walk at each step [27]. This results into
elimination of entanglement between position and coin
spaces. The entanglement between qubits has not been
explored in details for QWs. Here, we concentrate on
this entanglement.
We have done simulation of walk for up to seven en-
tangled qubits (Figs. 1-a - 1-g) while in the appendix, we
have given the analytical description for arbitrary NEQs.
We also present the simulation for CW (Fig. 1-h) to have
a more comprehensive framework for making comparison
and point out to a few characterizations if the coin space
arises from a large NEQs.
The variance and/or standard deviation is our first
factor/property to determine optimal NEQs. The vari-
ance/standard deviation is one of properties that distin-
guishes QW from its classical counterpart. In fact, it
was due to this property that speedup in QW algorithms,
comparing to CW ones, was concluded. Here, we see that
the variance decreases with NEQs (see Fig. 1). This
indicates that increment in NEQs results into destruc-
tive contributions on walkers most left and right hand
side probability densities. The standard deviation is the
square root of variance. Therefore, one can conclude that
standard deviation of the walk with single qubit is larger
than the other ones and also CW. In general, we have
the following relation for the standard deviation
σCW < σ7−qubits < σ6−qubits < σ5−qubits <
σ4−qubits < σ3−qubits < σ2−qubits < σ1−qubit,
which shows that increment in NEQs results into slower
spread of the walker’s wave function in position space.
Previously, it was pointed out that walk with a single
qubit and Hadamard coin is ballistic where its speed is
almost half of a free particle with unit velocity [28]. The
large NEQs results into walker losing its ballistic nature
and becomes more diffusive similar to CW. But here,
there is a significant difference between CW and walks
with large NEQs; although the standard deviations of
walks with large NEQs come close to CW, their expected
value of position differs completely. For CW, expected
value of position is zero [28]. In contrast, for walks with
large NEQs, expected value of position is within right
and/or left hand sides of the origin and it changes from
one step to another one.
Next optimal factor is symmetrical/asymmetrical evo-
lution of the walker’s probability density distribution.
This property determines the contributions of different
protocols involved in QW. Careful examination of the
probability density distributions shows that its symme-
try depends on NEQs (see Fig. 1). Walks with even
NEQs have symmetrical probability density distribution
while we observe the asymmetrical distributions for odd
NEQs.
Previously, in case of single qubit walk, it was ar-
gued that the source of asymmetrical distribution is only
rooted in the considered initial state (independent of coin
operator). If in the initial state, the internal states and
their evolutions through the walk are isolated from one
another, probability density distribution of walk becomes
symmetrical [28]. Here, we see that for odd NEQs, this
argument is valid whereas for even entangled qubits, this
is not the case. The reason is that the symmetry of distri-
bution is determined not only by initial state, but also the
coin-shift operator (contrary to present arguments in the
literature). One can express the evolution of the walk in
terms of eigenvalues and eigenvectors of shift-coin opera-
tor and initial state (please see appendix). The eigenval-
ues and eigenvectors of shift-coin operator have specific
factors which are different for odd and even NEQs. These
factors determines whether for having symmetrical dis-
tribution, the evolution of internal states of the walker
in initial state needs to be isolated or not. We see that
such isolation is necessary for odd NEQs.
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(h) Classical walk
FIG. 1: Probability density distribution in position space for 50 subsequent steps.
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(a) Number of positions with probability densities
bigger than 10−4.
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(b) Total entropy of walk as a function of steps.
FIG. 2: Number of positions with non-zero probability density and entropy of walk for 50 subsequent steps.
The next factor for determining the optimal NEQs is
number of positions with non-zero probability density.
Here, we make a distinction between variance and this
factor due to applications of QWs in developing quan-
tum algorithms and designing quantum neural networks.
In designing algorithms such as search algorithms, the
accessibility to blocks where search is done, is one of the
crucial factors. In the walk with a single qubit, larger
variance (faster speed for walker’s wave function propa-
gation) in position space is observed. But this is at the
expense of neglecting half of the positions available for
walker in each step 2-a. In contrast, for the walks with
1 < n < n′, we see the smaller variance but significantly
larger number of positions with non-zero probability den-
sity 2-a. Effectively, walk with two entangled qubits has
the largest number of positions with non-zero probability
density. The number of positions with non-zero proba-
bility density is a decreasing function of the NEQs and
for n′ < n (sufficiently large n), the walker’s number
of positions with non-zero probability density could be-
come equal or smaller than the one for walk with single
qubit. This is due to fact that increment in NEQs results
into a more localized probability density distribution over
smaller regions of positions. The smallest number of po-
sitions with non-zero probability density belongs to CW.
It is expected that by increasing n in QWs, its number of
positions with non-zero probability density become equal
with CW one’s. While such equality could be obtained,
one should remember that for QWs, the positions with
non-zero probability density changes from one step to
another one and these positions drift away from origin
whereas, for CW, the positions with non-zero probabil-
4ity density are highly concentrated around the origin.
Entropy is our final factor to determine the optimal
NEQs. The entropy measures the uncertainty in state of
a system. For QW, large entropy in position space in-
dicates that walker’s probability density distribution in
position space is more homogeneous (closer to uniform
walk with maximum entropy). Therefore, the walk is
less deterministic and it is harder to guess the walker’s
position after T step. In contrast, smaller entropy show a
more deterministic nature for walker’s behavior in posi-
tion space where it is more possible to guess walker’s
position at each step. The minimum entropy is zero
where probability density of a single position becomes
unit. Therefore, one can say where exactly the walker
is located. Previously, it was shown that a determinis-
tic behavior for walker in position space is a destructive
consequence for QWs applications in quantum algorithm
and communication [29]. Therefore, the large entropy
shows better efficiency for QWs applications in quantum
algorithm and communication.
In QWs, since the Hilbert space of the walk is made
out of two subspaces of position and coin, there are two
definable entropies of coin (known as entanglement en-
tropy) and position spaces. Both of these entropies de-
pend on dimension of coin and position spaces. There-
fore, only the entropy of position space provides a com-
parison tool between the walks with different NEQs and
CW as well. It should be noted that entanglement en-
tropy is an unique property of QWs which is absent in
CW.
In multipartite systems, one can use the method of
reduced density matrix to calculate entropy associated
to different parts of the system. At step T of the walk,
the density operator is ρˆT = |ψ〉T T 〈ψ|. The |ψ〉T is given
by two subspaces of coin and position spaces. To find the
entropy associated to one of these subspaces, one should
take the partial trace over the other space. For example
to obtain entropy in position space, the partial should be
taken over coin space, ρˆPT = TrC(ρˆT ). It is a matter of
calculation to find the entropy of position space at time
T as
SPT = −Tr(ρˆPTLogρˆPT ) = −
∑
n
PnLogPn, (5)
where Pn are eigenvalues of Hermitian matrix with the
element ρˆPT and n is the position. Here, we put our focus
on the largest step given in Fig. 2-b but the arguments
are generally valid for long term limit.
The highest value of the entropy belongs to walk with
three entangled qubits 2-b. For cases with more than
three entangled qubits, the entropy is a decreasing func-
tion of the NEQs. We observe that for seven entangled
qubits, the entropies of the quantum and classical walks
become equal. It is expected that for larger NEQs, the
entropy would even decrease more than CW. Here, we
have two exceptions: walk with single and two entan-
gled qubits. Although entropy of single qubit is small at
early stage of walk, it has a large growth rate. This is
because walk with single qubit has the fastest spread of
the walker’s wave function in position space. For two en-
tangled qubits, the entropy is intermediate. The reason
is that while the walk with two entangled qubits has rel-
atively good speed for propagation of the walker’s wave
function in position space, the major probability density
is observed at starting position of the walk.
The sharp drop in entropy as NEQs increases shows
that for large NEQs, walker’s behavior becomes more
deterministic. For sufficiently large NEQs, the entropy
would converge to zero which indicates that walker shows
characteristic of Anderson localization [29]. But, the re-
gions of this localization is step-dependent which makes
it a dynamical Anderson localization. Such behavior is
rooted in the fact that for large NEQs, both variance and
number of positions with non-zero probability density de-
crease significantly (suppression of quantum propagation
in position space). It is worthwhile to mention that while
the entropy in position space drops in case of increasing
the NEQs, the entropy in coin space increases. This is
because in each application of the coin on the walker, the
amplitudes in coin space become more distributed among
the internal states creating a superposition of them all.
Since the number of internal states is given by 2n, the
entropy of coin space becomes an increasing function of
the NEQs.
In our study, we found that walks with three entan-
gled qubits has relatively a very good variance, one of
the highest number of positions with non-zero probability
density and the highest entropy in position space. These
factors indicate that for algorithm and quantum commu-
nication purposes, walks with three entnagled qubits are
the most efficient ones. The single and two entangled
qubit walks also show good performance but, the single
qubit case has a very small number of positions with non-
zero probability density at each step and walks with two
entangled qubits show more deterministic behavior.
In conclusion, we showed that for walks with large
number of entangled qubits, the quantum interference
due to entanglement between qubits shapes the walker’s
probability density distribution into a more localized one
over two regions and suppresses the quantum propaga-
tion in position space. The regions of localization change
from one step to another one (dynamical Anderson lo-
calization) which is in contrast of what was reported for
classical walk. In classical walk, the localization is over
and around the place where the walker starts its walk.
But for large number of entangled qubits, its not fixed
over a specific region. Here, we should make an exception
for two entangled qubits case where there is a localization
similar to classical walk. The dependency of symmetry
of distribution on number of entangled qubits enabled
us to recognize the contribution of coin-shift operator
on this property. The deterministic behavior in posi-
tion space for the walker was also another consequences
of increment in number of the entangled qubits. It was
highlighted that based on considered criteria in this pa-
5per, walks with three entangled qubits have better effi-
ciency comparing to other cases. Here, we should point it
out that walks with larger number entangled qubits offer
more diverse programmability. This is coming from the
fact that one can consider different coins acting on each
entangled qubits. This could change the distribution in
coin space considerably resulting into different evolution
in position space as well.
I. APPENDIX: ANALYTICAL DESCRIPTION
In this section, we give an analytical description for
the evolution of walk with different number of entangled
qubits. The spatial Discrete Fourier Transform of ΨT (x)
is given by
ΨT (k) =
∑
x∈Z
ΨT (x)e
ikx. (6)
Since the walks start at the origin of the position space,
we obtain
Ψ0(k) = Ψ0(0). (7)
The evolution of walk will be then
ΨT (k) = U(k)
TΨ0(k), (8)
in which
U(k) = Us(
k
2
)⊗n =
([
e
ik
2 0
0 e−
ik
2
]
Ĉ ′
)⊗n
.
It is straight forward to find eigenvalues of Us(k/2) as
λ± = ±
√
1− sin
2(k2 )
2
+ i
√
2
2
sin2(
k
2
) = ±e± iφ(k)2 .
where φ(k) = 2 sin−1( sin(k/2)√
2
). Since U(k) = Us(k/2)
⊗n,
one can obtain the eigenvalues of U(k) as

Λ1 = λ
n
+
Λ2 = λ
n−1
+ λ−
.
.
.
Λ2n−1 = λn−1− λ+
Λ2n = λ
n
−
, (9)
and the eigenvectors are given by

V1(k) = v
⊗n
+
V2(k) = v
⊗n−1
+ ⊗ v−
.
.
V2n−1(k) = v⊗n−1− ⊗ v+
V2n(k) = v
⊗n
−
, (10)
where v± are eigenvectors of Us(k/2) obtained as
v± =
1√
N±
[
e
ik
2 , γ±
]
in which
N± = 2− 2γ± cos k
2
γ± = − cos k
2
±
√
1 + cos2
k
2
Given eigenvalues and eigenvectors, one can write
ΨT (k) as
ΨT (k) = U(k)
TΨ0(k) =
2n∑
z=1
ΛTz 〈Vz(k),Ψ0(k)〉Vz(k).
By inverse Fourier transformation, we can find the am-
plitude of the wave function of walker at the position x
and the step T as
ΨT (x) =
∫ 2pi
0
e−ikxΨT (k)
dk
2pi
, (11)
and the probability of finding walker at position x at step
T is obtained by pT (x) = ‖ΨT (x)‖2 where ‖‖ denotes
vector norm.
Let m and q be the numbers of λ+ and λ− in calcula-
tion of a given eigenvalue (m+ q = n), respectively, then
one can obtain the eigenvalues in the following form
Λj =
 (−1)
me
m−q
2 iφ(k) for even n
(−1)m+1em−q2 iφ(k) for odd n
. (12)
It should be noted that for n number of the qubits,
there are 2n eigenvalues and the possible forms are given
by the above. Accordingly, the eigenvectors are also cal-
culated as
Vj(k) =
1
N
m
2
+ N
q
2−
[
e
ink
2 , ..., γm+ γ
q
−
]
. (13)
The considered initial state is
Ψ0(0) =
[√
2
2 , 0, ..., 0,
√
2
2
]t
(14)
where t denotes the transpose. Using this initial state
with Eqs. (12)-(13), we obtain the integrand of (11) as
6Ψj =

√
2
2 (−1)Tme−ikxeT
m−q
2 iφ(k)
e−
ink
2 +γm+ γ
q
−
N
m
2
+ N
q
2
−
Vj
2pi for even n
√
2
2 (−1)T (m+1)e−ikxeT
m−q
2 iφ(k)
e−
ink
2 +γm+ γ
q
−
N
m
2
+ N
q
2
−
Vj
2pi for odd n
. (15)
Once again, we emphasize that there are 2n, Ψj which
their general forms are given by Eq. (15).
For even number of entangled qubits with m 6= q, by
using the method of stationary phase [21, 30], we can find
∫ 2pi
0
Ψj
dk
2pi
→ O(t−1+ss ) as t→∞
where s is the highest order of the stationary points. Ev-
idently, if the eigenvalues are independent of k, the corre-
sponding Ψj contributes significantly to the limiting am-
plitude. Therefore, for even number of entangled qubits,
it seems that m = q are dominant terms in the limiting
amplitude. For m = q, we obtain
Ψh =
√
2(−1)Tn2 e−ikx
4pi
(
e−
ink
2 + (−1)n2
(N+N−)
n
4
)
Vh(k), (16)
where h denotes cases with m = q. The probability of
finding walker for arbitrary position would then be given
by
pT (x, n) =
∥∥∥∥∫ 2pi
0
∑
h
Ψhdk
∥∥∥∥2,
where the summation is over all the possible combina-
tions in which m = q. The number of Ψh could be ob-
tained by n!((n2 )!)2
.
The obtained integrand in Eq. (16) has dependency
of Ψh ∝ O(1/(N+N−)n2 ). Considering that N+N− =
6+2 cos k > 1, the amplitude of the probability density at
the origin (x = 0) decays very fast as number of entangled
qubits increases. The only exception is for n = 2 where
this amplitude is significant resulting into a major peak
at the origin. This is in agreement with our graphical
presentations in Fig. 1. Accordingly, one should look to
other amplitudes of Ψj for finding the behavior of the
walker. To do so, we go back to method of stationary
phases [30, 31]. We rewrite
ΨT (x) =
∫ −pi
−pi
eiTΦ(k)g(k)
dk
2pi
, (17)
where Φ(k) = m−q2 φ(k)− xT k and g(k) is a smooth func-
tion given by
g(k) =

√
2
2 (−1)Tm
e−
ink
2 +γm+ γ
q
−
N
m
2
+ N
q
2
−
Vj for even n
√
2
2 (−1)T (m+1)
e−
ink
2 +γm+ γ
q
−
N
m
2
+ N
q
2
−
Vj for odd n
(18)
In the limit of large T and by using method of station-
ary phase, we can find
ΨT (x) ≈
√
2pi
T |Φ′′(k0)|<[g(k0)e
iTΦ(k0)−ipi4 ], (19)
for − 1√
2
< xT <
1√
2
with prime denoting derivation with
respect to k and k0 is the root of Φ
′(k0) = 0. It is a
matter of calculation to show
Φ′(k) =
(m− q) cos k2
2
√
2− sin2 k2
− x
T
, (20)
Φ′′(k) = − (m− q) sin
k
2√
2(3 + cos k)
3
2
, (21)
k0 =

−2 cos−1
(
± 2x
T
√
(m−q)2−4( xT )2
)
2 cos−1
(
± 2x
T
√
(m−q)2−4( xT )2
) (22)
It should be noted that here, m 6= q. According to
method of the stationary phases [30], since for large T ,
the integral in (17) is rapidly oscillating, the contribu-
tions from adjacent subintervals nearly cancel each other
out, and the major contribution comes from the region
where the oscillations are least rapid. The regions of
least rapid oscillations are marked by Φ′(k0) = 0 which
are known as the stationary points. Therefore, significant
contributions come from a small interval around the sta-
tionary points. In our calculations, there are four distin-
guishable k0 available for our system of equations. This
denotes the presence of four distinguishable points where
rapid oscillations are the least and have the highest con-
tributions to ΨT (x), hence probability density. This is in
agreement with our plotted diagrams in Fig. 1 where four
distinguishable peaks are observed in probability density
distribution.
7Dependency of the obtained Φ(k), Φ′′(k) and k0 on m
and q show that the regions of least rapid oscillations
are functions of the number of entangled qubits and the
dominant terms are the ones where m → q. This is be-
cause for the limit m → q, Φ′′(k0) and |Φ(k0)| become
minimum. The asymmetric probability density distribu-
tion that was observed for odd qubits (absent for even
qubits) is due to (−1)T (m+1) factor given in Eq. (18).
Careful examination of Eq. (18) shows that eigenvalues
where m − q > 0 and ones with m − q < 0 have oppo-
site signs for odd number of qubits whereas, they have
identical signs in case of even qubits. Therefore, we see a
symmetric probability density distribution for even num-
ber of entangled qubits and aymmetric one for odd num-
ber of entangled qubits. To achieve symmetrical proba-
bility density distribution for odd number of entangled
qubits, one should change the initial state which essen-
tially means changing 〈Vz(k),Ψ0(k)〉 in our calculations.
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